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Abstract-Adhesively bonded joints are being preferred to mechanical fasteners in structural members 
because of distinct advantages they offer, such as uniform stress distribution, stiff connection, excellent 
fatigue properties and light weight. In addition, these joints are found to be more suitable with composite 
materials, particularly in the case of fibre reinforced plastics. At moderately large loads the polymeric 
adhesive material behaviour tends to elasto-plastic and elasto-visco-plastic. In the present work, a finite 
element code is developed and visco-plastic analyses of adhesively bonded joints are carried out. Single 
lap, stepped lap, and double lap joints are considered for the analyses. Influences of various parameters, 
such as (i) stacking sequence in composite adherends, (ii) critical strain energy release rate of the adhesive, 
(iii) overlap length and (iv) thickness of the adhesive on the strength of the adhesively bonded double lap 
joints, are also investigated. 

Keywords: adhesive; composites; visco-plastic; FEM; strain energy release rate. 

NOTATION 

b flow vector 

Bo elastic strain displacement matrix 

BNL strain displacement matrix, non-linear component 
Bn strain displacement matrix for nth iteration 

Co prescribed constant 

Cn matrix 

D elastic constitutive relations 

Dvp visco-plastic constitutive relations 

E Young's modulus 

F flow rule expression 

fez nodal forces of (n + 1)th iteration 
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Gc critical strain energy release rate of standard adhesive (epoxy) 

G¡, GII strain energy release rates in modes I and II 

Gic, GIIC critical strain energy release rates in modes I and II 

G? assumed critical strain energy release rate of adhesive used 

GXY shear modulus 

g Gc/Gc 
H proportionality constant 

H" matrix 

J J integral 

J2 second invariant of deviatoric stresses 

KIC stress intensity factor 

K" stiffness matrix in nth iteration 

Lo overlap length 

Lt total length 
I Lo/Lj 

M, N prescribed constants 

t ts / tr 

tj time in seconds in first iteration 

tfl time in seconds in nth iteration 

tr thickness of the adherend 

ts thickness of the adhesive 

y fluidity parameter 

oxy fluidity parameter in pure shear mode 

0 f" 
" 

change in load during time interval At,, 

A til incremental time in seconds in pith iteration 

Oij Kronecker delta 

on displacement vector of nth iteration 

Ive visco-elastic strain 

steady state strain rate 

Eve visco-elastic strain rate 

EIP visco-plastic strain rate 

Evep visco-elasto-plastic strain rate 

(0 prescribed constant 

v Poisson's ratio 

a effective stress 

an yield stress 

air residual stress 

a fi .i deviatoric stress components 
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ax, ay normal stresses 

ro yield stress in pure shear mode 

Txy I, shear stress 

(D function controlling visco-plastic flow rate 

S2 volume 

1. INTRODUCTION 

With the development of various structural adhesives, these joints are being employed 
in a wide variety of structural applications ranging from aerospace and automobile 

components to those found in microelectronic components. Adhesive are mostly 
polymeric materials and their responses are generally time dependent. Groth [1] ] 
concluded that events like moisture diffusion and delayed failure should be taken 
into account for an accurate analysis of adhesively bonded joints. At high stress 

levels, the non-linear visco-plastic effects could include creep strains as well. These 
would lead to significantly different results from the linear elastic predictions and 
therefore it is important that these effects are included. With the increase in load level, 
adhesive layers tend to become visco-plastic earlier than the adherends. Therefore, 
in the present analysis, only visco-plastic behaviour of adhesive is considered, while 

adherends are considered to be still within linear elastic range. Further, most of the 
finite element works, in the literature, have modelled the adhesive as a single layer 
of elements. In view of the significant difference in the stiffnesses of the adhesive 
and adherend, in the present work the adhesive is modelled as multi-layers of finite 

elements. 

2. FORMULATION 

Biot [2] derived the relevant equations to represent visco-elastic and relaxation re- 

sponses by employing potential and dissipation functions. A large number of phenom- 
ena involving interaction of diffusion, chemical reaction, heat transfer and mechanical 

deformation are included in this theory. Zienkiewicz and Cormeau [3] developed an 

elasto-visco-plastic algorithm, which is found to be an efficient tool and is applicable 
to a wide range of non-linear (material) problems. The solution technique developed 
is capable of handling visco-elastic and visco-plastic effects, and various combina- 

tions of them. However, the most efficient way of dealing with large deformation and 

dynamic cffects is not resolved. Zienkiewicz et al. [4] discussed the finite element 

method of solution of elasto-visco-plastic engineering problems. For computation 
convenience, bulk material is considered to be composed of several layers, where 

each layer might have different material characteristics. However, this model was 

limited to isotropic materials and includes very few material laws. Kanchi et al. [5] 
discussed a visco-plastic technique and employed this to study the problems of plas- 
tic and creep instability. Schapery [6] discussed pertinent aspects of the J integral 
and energy release rate theory for non-linear elastic media. He developed methods 
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of quasi-static deformation and fracture analysis for non-linear visco-elastic media. 
The corresponding principles, which provide the basis for the analysis are applicable 
to crack growth, crack closure and other problems such as ablation and interfacial 
contact and separation. 

2.1. Stain rate (Reference [7]) 

Groth [8] presented expression for visco-elastic, visco-plastic and visco-clasto-plastic 
strain rate as given in equations ( 1 )-(5) for the one-dimensional models of adhesive 
material under pure shear, as shown in Fig. 1. 

From the equations, (2) and (4), it is observed that the expressions for strain rates 
are different for different adhesive models. Visco-plastic strain rate 6'yp for two- 

dimensional analysis is expressed as 

wherc y, (D and a are fluidity parameter, visco-plastic flow function and flow vcctor, 

respectively. (O) indicates positive values of (D. Fluidity parameter, y, is a material 

constant. Different expressions are recommended for the function (D by Owen and 

Figure 1. Adhesive material models: (a) the three parameter solid model, (b) the Bingham visco-plastic 
inodel, and (c) the five parameter visco-elastic-visco-plastic model. 
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Hinton [7] and by Zienkiewicz and Taylor [9]. The most common representations arc 

where M and N arc material constants and ŒO is yield stress. Flow rule, F, associated 
with these equations is assumed as 

Flow vector is given as 

Deviatoric stress components are denoted by primes and these are obtained from 

J§ represents thc second invariants of deviatoric stresses and is written as 

2.2. Visco-plastic constitutive relation (Reference l7]) 

The visco-plastic stress-strain relation is written as 

D is the material matrix of linear elastic material and C" is given as 

where 8 is a constant, At,, is the incremental time of nth interval and H" is given as 
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where pl , p2, m and m2 are expressed as 

2.3. Finite element algorithm 

A computer program similar to the one developed by Owen and Hinton [7], is devel- 

oped to predict the failure loads of adhesive joints. The corresponding flow chart is 

illustrated in Fig. 2. The module, which takes into account the non-linear visco-plastic 
behaviour of the material is indicated by the dashed portion in the flow chart. Details 
of the main algorithm are given in [ 10]. 

The additional visco-plastic part of the algorithm developed is explained as follows: 

step 1: at time t = t,1 find the following: 

step 2: compute incremental displacements and stresses: 

step 3: update displacements and stresses: 

where Co is a constant multiplier used for fast convergence. 
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step 4: calculate visco-plastic strain: 

step 5: calculate proportionality factor H: 

step 6: compute residual stress to be compensated: 

step 7: update stress: 

where op represents the residual stress. 

step 8: apply equilibrium correction: 

step 9: check if visco-plastic strain rate is closc to steady state value: 

if steady state is reached go to main algorithm, or else go to step 1. 

B", all, K" and ev represent strain displacement matrix, stress tensor, visco- 

plastic stress-strain relation, stiffness matrix and visco-plastic strain rate, respectively 
of nth iteration. B", all, C", Dvp, and K" are functions of the displacement vector 
of nth iteration. These values are updated in every iteration. However, there is a 

possibility of divergcnce in the results by using the K`L values. Using constant values 
of B" and K" and Newton-Raphson's modified approximation (Owen and Hinton [7] 
and Zienkiewicz and Taylor [9]) one can achieve convergence. Furthcr, this reduces 

substantially the computational time and memory. However, c" and Dg are updated 
in each time step. 

If the effective stress b of any element in the adhesive exceeds the yield valuc of 
the material ao, then the material state becomes visco-plastic and therefore visco- 

plastic analysis is carried out. Visco-plastic module of elasto-visco-plastic analysis is 

indicated by the dashed box of Fig. 2. 

Visco-plastic calculations are repeated until the strain rate has reached a steady state 

value (E's,). Then strain energy release rates are calculated by the technique discussed 
in [10]. The fracture criterion G, + On ) Gic + Onc is employed to predict the 

failure loads. 
The developed code is quite general, and could be employed for visco-elastic, visco- 

plastic and clasto-visco-plastic analysis of adhesive materials. All that one needs is to 

incorporate the corresponding behaviour of the models for adhesivcs in the expression 
for strain rate. 
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Figure 2. Flow chart of visco-plastic finite element analysis. 
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3. RESULTS AND DISCUSSION 

3.1. Validation 

In order to validate the developed computer code, the two-dimensional visco-plastic 

perforated plate problem analysed by Zienkiewicz et al. [4] is considered. A schematic 

diagram of this plate is shown in Fig. 3. The physical dimensions and the material 

properties of the plate are listed in Table 1. The stress level is plotted in Fig. 4 against 

Figure 3. Schematic of perforated plate under uniform tension (Zienkiewicz et al. [4]) showing the plastic 
element P and the finite element mesh of the plate. 
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Figure 4. Variation of stress with time for plastic element P of the perforated plate (Fig. 3). 

Table 1. 

Specifications of the perforated plate problem (Zienkiewicz et nl. [4]) 

the time for an element To, which is in the plastic range. The results is in fairly good 

agreement with that by Zienkiewicz et al. [4]. 

3.2. Single lap _joint 

Using the developed finite element code elastic and visco-plastic analyses are carried 

for a single lap joint (Hiregoudar [11]). Details of the joint (Fig. 5) are shown 
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Figure 5. Schematic of single and step lap joints. 

Table 2. 

Specifications of single lap joint (Hiregoudar [11]) 

in Table 2. Stresses along the overlap length of the single lap joint arc computed 
from elastic and visco-plastic analyses and these results are compared in Fig. 6. The 

maximum difference in the computed peel stress along the overlap length of the single 

lap joint is less than 3.6 per cent, while this difference for shear stress is less than 

11.4 per cent. Peel stresses predicted by the present analysis and visco-plastic analysis 
carried out by Hiregoudar [ 11 are also compared in Fig. 7. The difference in the 

computed peel stress along the overlap length of the single lap joint is less than 11 per 
cent. It is also observed that this difference is maximum near the edgcs and gradually 
reduces to a minimum towards the central part of the overlap. 
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Figure 6. Comparison of elastic and visco-plastic stress distribution along the overlap length of singlc 
lap joint (Hiregoudar [I I]). 

Using the present finite element code the result obtained for the visco-plastic analysis 
of the perforated plate problem of Zienkiewicz et al. [4] is in good agreement with 

that reported by Zienkiewicz et al., while Hiregoudar r III has developed has finite 

element code for the visco-plastic analysis but has not validated his computer code 

with any standard bench mark problem. 
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Figure 7. Comparison of peel stress distribution along the overlap length of? single lap joint (Hire- 
goudar [ 11 ]). 

In the present analysis a refined mesh consisting of 1816 constant strain triangle 
(CST) elements is used, while Hiregoudar [I 1] ] has employed a course mesh consisting 
of 300 elements. Further in the present analysis the adhesive is modelled as six layers 
of elements, while it is modelled as a single layer of elements by Hiregoudar [11]. 
Detail of mesh refinement of the bonded joints and its effect on fracture parameters are 

discussed in [12]. However, we feel that our results are more accurate as compared 
to those of Hiregoudar [ 11 ], in view of the use of a validated visco-plastic finite 

element code and refined mesh near the edges in the finite element modcl of the 

bonded joints. 

3.3. Stepped lap joint t 

Using the present finite element code, visco-plastic analysis is carried out for the 

stepped lap joint (Su and Mackie [13]). The joint (Fig. 5) specifications are listed in 
Table 3. Visco-plastic parameters such as fluidity parameter (y), material constants 

(N, 8) and flow function (4J) of the epoxy adhesive are considered to be as those of 

cpoxy adhesive (FM73). In Fig. 8 the shear stress and shear strain distributions, in 
the adhesive along the overlap and near the interface of adherend and adhesive, are 
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Figure 8. Comparison of shear stress and strain distribution along the overlap length at interface of 
adherend and adhesive of the stepped lap joint. 

compared with those of Su and Mackie [13]. The difference is found to be less than 

11.7 per cent. It is also observed that this difference is maximum near the edges and 

gradually reduces to a minimum towards the central part of the overlap length. In 

the present analysis a refined mesh consisting of 1816 CST elements is used, while 

Su and Mackie [13] have employed a course mesh consisting of nearly 100 elements. 
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Table 3. 

Specifications of stepped lap joint (thick adherend shear test specimen) of Su and Mackie [ 13] 

Further in the present analysis the adhesive is modelled as six layers of elements, 
while it is modelled as a single layer of elements by Su and Mackie [13]. Because 
of the use of refined mesh near the edges as compared to Su and Mackie [13], the 

present results are expected to be accurate. 

3.4. Double lap ,joint 

Effects of crack location, stacking sequence, critical strain energy release rate of 
adhesive material, overlap length and adhesive thickness on the strength of double 

lap joint (Fig. 9) are investigated. Because of symmetry, only one half of the joint is 
considered for thc analysis. The problem is treated as one of plane strain and a finite 

element mesh consisting of 1816 CST elements is employed for the analysis. 
Three non-dimensional parameters are defined, namely, 
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Table 4. 

Specifications of double lap joint 

where G? and Gc are the fracture toughnesses of the adhesive employed and the 
standard adhcsive (epoxy), respectively. Lo and Lt denote the ovcrlap length and 

the total length of the bonded joint. In addition ts and tr represent the thicknesses 
of adhesive and adherend, respectively. is considered to be in multiples of Gc. 

Assuming constant fracture toughness of the adhesive (Gc), adherend thickness t,. 
and overlap length La parametric study is carried out. The adherends and adhesive of 
the joint are considered to be carbon fibre reinforced plastics (CFRP) and Epon VIII 

(Table 4), respectively. Visco-plastic parameters such as fluidity parameter (y), ma- 

terial constants (N, O) and flow function of the epoxy adhesive (Epon VIII) are 
considered to be as those of epoxy adhesive (FM73). Critical crack location 'A' is 

considered in the present work. 

3.4. J. Stacking sequence. Symmetric quasi-isotropic combinations are considered 

to investigate the effect of stacking sequence on the bond strength. Four fibre 

orientations considered are 0°, 45°, 90° and -45°. In an earlier work [10], it 

was found [0° /45° /90° / -45°]s laminate exhibits maximum bond strength. Further, 
the presence of 0° ply in the immediate neighbourhood of the adhesive results in 

stronger joint. Visco-plastic analysis is carried out for three different layup sequences, 
namely, [Oc"/O'/O'/O'ls, [0°/45°/90°/ -45°]s and [0'/O'/90'/90']s of CFRP ad- 

herends. It is found that [0°/0°/90°/90°]S layup is stronger than [0°/45°/90°/-45°]s 

layup. The failures loads are compute for various adhesive fracture toughnesses ratio 
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Table 5. 

Computed failure loads for various g(= Gl l Gc) values and different laminae combinations 

g (= Gi / Gc), overlap lengths 1 (= Lo/Lt) and adhesive thickness ration t (= ts/tr) 
for these three layups. Detail of these results are discussed in the respective sections. 

3.4.2. Fracture toughness of adhesive. For various g (= Gfl / Gc) values and layups 
the computed failure loads are listed in Table 5. As was found in the linear elas- 
tic analysis reported in [10], in the present visco-plastic analysis also it is observed 
that as g increases, failure load increases for all the three layup sequences consid- 
ered. Adhesives with higher critical strain energy release rate (high g value) lead 

to a stronger joint. Therefore, in order to achieve a higher fracture strength of the 

joint, adhesives with higher critical strain energy release rate are suggested. Only 
variation of failure load with crack length for various g values in [0°/0°/0°/0°]S, 

[0°/0°/90°/90°]s and [0°/45°/90°/-45°]S (optimal) CFRP laminates are shown in 

Fig. 10. 
Fracture toughness of adhesive is generally denoted by KIC, the stress intensity 

factor for ideal plane strain adhesive material. In th present study, for convenience 

critical strain energy release rate Gc is termed as fracture toughness. 

3.4.3. Overlap length. For various values of 1 (= LOILT) and the three layups cho- 

sen, the computed failure loads are listed in Table 6. As was found in the linear 

elastic analysis reported in [10], in the present visco-plastic analysis also it is ob- 

served that as 1 increases, failure load increases for all the three layup sequences. 
For higher fracture strength of the bond, larger overlap length (high 1) is suggested. 
Variation of failure load with crack length for various 1 values in [0°/0°/0°/0°]s, 
[0%° /900 /900]s and [0°/45°/90°/-45°]S (optimal) CFRP laminates are depicted in 

Fig. 11. 
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Figure 10. Variation of failure load with crack length for crack initiation at location 'A' and different 

g (= fifl/Gc) values in [0°/0°/0°/0°]s, [0°/0°/90°/90°]S and [0'/45'/90'/-45']s (optimal) CFRP 
laminates. 

Table 6. 

Computed failure loads for various I (= LOILT) values and different laminae combinations 

- plastic flow. 

3.4.4. Adhesive thickness. For various t (= tsf tr) values and layups the computed 
failure loads are listed in Table 7. As was found in the linear elastic analysis reported 
in [10], in the present visco-plastic analysis also it is observed that as t increases, 
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Figure 11. Variation of failure load with crack length for crack initiation at location 'A' and differ- 
ent 1 (= Lo/Lt) values in [0°/0°/0°/0°]S, [0°/0°/90°/90°]S and [0'/45'/90'/-45']s (optimal) CFRP 
laminates. 

Table 7. 

Computed failure loads for various t (= ts/ tr) values and different laminae combinations 

failure load decreases for the three layup sequences. For higher fracture strength of 
the bond, small thickness of the adhesive (low t) is suggested. Variation of failure 
load with crack length for various t values in [0°/0°/0°/0°]s, [0°/0°/90°/90°]s and 

[0°/45°/90°/-45°]S (optimal) CFRP laminates are shown in Fig. 12. 
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Figure 12. Variation of failure load with crack length for crack initiation at location 'A' and different 
t(= ts/ tr) values in [O'/0=/0'/0']s, [02/0" /90" /9001s (a) and [0=/45=/90=/-45°]s (b) (optimal) CFRP 
laminates. 
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4. CONCLUSIONS 

On the basis of elasto-visco-plastic analysis carried out, the following conclusions are 
drawn 

. The elastic analysis predicts lower failure loads as compared to the elasto- 

visco-plastic analysis. Therefore, for a realistic analysis, it is suggested that 

elasto-visco-plastic behaviour be considered. 

. Strain energy release rate is highly influenced by the adhesive properties, such 
as fluidity parameter and flow rule. 

. Stress distributions, along the overlap length of the single lap joint, are predicted 

by the present elasto-visco-plastic analysis and the results are found to agree 
with those reported by Hiregoudar [1 1]. 

w Stress distributions, along the overlap length and across the adhesive thickness 

of the stepped lap joint, are predicted by the elasto-visco-plastic and the results 

agree with the those reported for thick adherend shear test (TAST) specimen 

by Su and Mackie [13]. 

. Strain energy release rate is sensitive to layup sequences in composite ad- 

herends. A proper choice of layup sequence in the composite adherend results 

in an efficient bonded joint. 

w Use of adhesive of high fracture toughness, large overlap lengths and small 
thickness of adhesive individually results in a stronger bonded joint. 
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